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Abstract
Many clustering algorithms are guided by certain cost functions such as the widely-used k-means cost.

These algorithms divide data points into clusters with often complicated boundaries, creating di�culties in
explaining the clustering decision. In a recent work, Dasgupta, Frost, Moshkovitz, and Rashtchian (ICML
2020) introduced explainable clustering, where the cluster boundaries are axis-parallel hyperplanes and the
clustering is obtained by applying a decision tree to the data. The central question here is: how much does
the explainability constraint increase the value of the cost function?

Given d-dimensional data points, we show an e�cient algorithm that �nds an explainable clustering whose
k-means cost is at most k1� 2=d poly( d log k) times the minimum cost achievable by a clustering without the
explainability constraint, assuming k; d � 2. Taking the minimum of this bound and the k polylog(k) bound
in independent work by Makarychev-Shan (ICML 2021), Gamlath-Jia-Polak-Svensson (2021), or Esfandiari-
Mirrokni-Narayanan (2021), we get an improved bound of k1� 2=d polylog(k), which we show is optimal for every
choice of k; d � 2 up to a poly-logarithmic factor in k. For d = 2 in particular, we show an O(log k log log k)
bound, improving near-exponentially over the previous best bound of O(k log k) by Laber and Murtinho (ICML
2021).

1 Introduction
As a result of the rapid deployment of data analysis and machine learning techniques, many important decision
rules that impact our lives are learned from data by algorithms, rather than designed explicitly by people. For
unlabeled data, clustering algorithms are a useful tool for learning such rules, and a necessary step towards
making the learned rules trustworthy is to make them easily understood by people. Many clustering algorithms
are designed to optimize a cost function such as the widely-usedk-means cost. While being a convenient and
e�ective way for designing and analyzing clustering algorithms, optimizing a simple cost function can produce
clusterings that are not easily understood by people, causing interpretability issues when applied in practice
[51, 11].

We study a notion of explainable clustering introduced recently by Dasgupta, Frost, Moshkovitz, and
Rashtchian [45] that aims to improve clustering interpretability. Here, a clustering is considered explainable
if the clusters are obtained by applying a decision tree withk leaves to the data. Speci�cally, every non-leaf node
of the decision tree corresponds to an axis-parallel hyperplane that divides the current set of data points into
two subsets, which are passed to the two children of the node respectively. Every leaf of the decision tree thus
corresponds to all the data points contained in a (possibly unbounded) rectangular box with axis-parallel faces,
and these data points are required to be placed in the same cluster.

To understand the increase in the clustering cost caused by the explainability constraint, [45] studied the
competitive ratio of an explainable clustering, which is de�ned to be the ratio between its cost and the minimum
cost achievable by a clustering usingk clusters without the explainability constraint. For the k-medians and
k-means cost, [45] showed e�cient algorithms computing explainable clusterings with competitive ratiosO(k)
and O(k2) respectively. (In their work, distances are measured using the‘ 1-norm for k-medians, whereas the
‘ 2-norm is used fork-means.)

The competitive ratio bounds in [45] have been improved signi�cantly by several independent papers
[43, 25, 21]. For explainablek-medians, [43] and [21] achieved the current best competitive ratioO(log k log logk).
For explainable k-means, the current best competitive ratio isO(k logk) by [21]. These competitive ratio bounds
are known to be near-optimal, with the current best lower bound being 
(log k) for k-medians [45, 21] and 
(k)
for k-means [25, 21].
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The lower bounds above were proved only when the dimension of the data points isd = 
(log k). This leaves
open the question of achieving better competitive ratios for dimensionsd = o(log k). Before our work, Laber and
Murtinho [37] gave algorithms with better competitive ratios in lower dimensions, but their bounds for k-medians
and k-means were sub-optimal and subsumed by [21]. Fork-medians, [21] showed anO(d(log d)2) competitive
ratio in d dimensions, which improves over theO(log k log logk) bound when d ≤ O(log k= log logk). For the
popular k-means objective, no competitive ratio better than O(k logk) was known prior to our work even for
d = 2.

In this work, we show that signi�cantly better competitive ratios than O(k logk) can be achieved fork-means
when the dimensiond = O(log k= log logk). We give a competitive ratio bound that depends on both d and k,
which we show is near-optimal for all choices ofd; k ≥ 2.

Our results. Our main result is an e�cient algorithm that takes a set of d dimensional points and computes
an explainable clustering with competitive ratio at most k1� 2/dpoly(d logk) for the k-means cost (Theorem 4.1).
Compared to the the previous best bound ofO(k logk), our bound has a better dependence onk for every
�xed dimension d. The dependence ond can be improved by taking the minimum of our bound and O(k logk).
Speci�cally, if we run the algorithm in any of the independent work [43, 25, 21] instead whend = 
(log k), we
get an improved bound ofk1� 2/d polylog(k) for all k; d ≥ 2 (Corollary 4.1). We show this is near-optimal for all
k; d ≥ 2 by constructing a set ofd dimensional points for which the competitive ratio is at least k1� 2/d=polylog(k)
for the k-means cost (Theorem 5.1).

In the special case ofd = 2, we show an e�cient algorithm computing explainable clusterings with competitive
ratio O(log k log logk) (Theorem 3.1). This is a near-exponential improvement compared to the previous best
bound of O(k logk) obtained �rst by [37].

Technical overview. As previous work [45, 37] and independent work [43, 25, 21], we design a post-
processing algorithm that takes an arbitrary clustering C with k clusters, and computes an explainable clustering
with k-means cost at mostk1� 2/dpoly(d logk) times the cost of C using the same cluster centroids inC. Our
competitive ratio bound is then achieved by running the post-processing algorithm on a clusteringC computed
by a constant-factor approximation algorithm for k-means [33, 2, 28].

We build the decision tree recursively starting from the root. That is, the �rst step of the algorithm is to
�nd the hyperplane corresponding to the root of the decision tree, and then solve the two induced subproblems
recursively. If a point x and its assigned centroid inC lie on di�erent sides of the hyperplane, we need to re-assign
a new centroid to x that lies on the same side of the hyperplane withx. Every such re-assignment incurs some
cost. In a similar spirit to [37], we make sure that the re-assignment cost caused by the hyperplane is small, and
that the two subproblems have similar \sizes" in order to minimize the depth of the decision tree. When the two
goals are in con
ict, it is important to make a balanced tradeo�: [37] applies binary search with non-uniform
probing cost due to [15], whereas we take a more 
exible approach originating in an argument of Seymour [53].

In previous analysis [45, 37], the re-assignment cost of every point is bounded above by the diameter of the
current subproblem. While this \diameter upper bound" can be a good estimate when the dimensiond = 
(log k),
we need a more careful bound to get a near optimal competitive ratio for smaller dimensions. To this end, we
form a forbidden region when selecting every hyperplane to prevent re-assigning a point if the re-assignment
cost is too large compared to the current cost. We use a volume argument to bound the size of the forbidden
region, so that we have enough non-forbidden space to apply Seymour’s argument. The strength of the volume
argument increases signi�cantly as the dimensiond decreases, resulting in our signi�cantly improved bound in
lower dimensions.

The \diameter upper bound" used in previous works allows them to completely ignore a point once it is re-
assigned, because the cost of any further re-assignment can be covered by the current diameter. In our analysis,
however, we need to deal with situations where a point is re-assigned multiple times. We give every point atype
during the algorithm based on its \re-assignment history", and carefully control the cost at every re-assignment
by designing the forbidden region based on the types of individual points. In addition, we show that \essentially"
no point can be re-assigned too many times. Roughly speaking, ford = 2, we show that a point can be re-assigned
at most twice before either a) the point has a large distance to its current centroid so that we can a�ord to use the
diameter upper bound, or b) both the point and its current centroid are close to a corner of the current rectangle
so that we can avoid re-assigning them further. For the more general cased > 2, it is possible that none of the
above scenarios happen for some \bad" points, but we make sure that the \bad" points are assigned to only a
small number of centroids, in which case we can also avoid re-assigning them further.
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Related work. Decision trees are a classic method for classifying labeled data [30]. Due to its intrinsic
interpretability, people also applied decision trees and related algorithms to clustering unlabeled data: [19, 14,
7, 39, 56, 22, 16, 27, 10, 11]. We use the framework of [45], who gave the �rst competitive ratio analysis for
explainable clustering using decision trees. [24] relaxed the framework of [45] by allowing more leaves in the
decision tree than the number of clusters, so that a cluster can correspond to multiple leaves.

In clustering tasks, the dimension of the input points plays an important role. Many in
uential results
were obtained while studying clustering in di�erent dimensions. While hardness results have been proved
for approximately optimizing the k-medians and the k-means cost within a small constant factor [31, 5, 12],
polynomial-time approximation schemes (PTAS) have been found for bothk-medians and k-means in �xed
dimensions [4, 36, 23, 18, 17]. A random projection toO(log k) dimensions approximately preserves thek-medians
and the k-means cost of allk-clusterings of a given set of points with high probability [8, 42].

Interpretability and explainability are important aspects of making machine learning reliable, and they have
received growing research attention (see [44, 46] for an overview). Compared to clustering and unsupervised
learning in general, more work on interpretability considered supervised learning [48, 40, 1, 49, 38, 50, 47, 3, 20,
54, 26]. Besides decision trees, neural nets have been used to improve clustering explainability [34], whereas an
interpretability score was formulated by [51], who studied the tradeo� between the interpretability score and the
clustering cost. Fairness is another important consideration towards making clustering more trustworthy. There
is a large body of recent work on fair clustering [6, 9, 29, 35, 52, 41, 32, 13, 55].

Independent work. Soon after we made this paper public on arXiv, three related and independent papers
[25, 21, 43] appeared on arXiv, and later [43] also appeared in the proceedings of ICML 2021. As we mentioned
earlier, all three papers achieved similar competitive ratios for explainablek-medians with the ‘ 1-norm and
explainable k-means with the ‘ 2-norm that are near-optimal when the dimensiond = 
(log k). In addition, [25]
considered general‘ p-norms and achieved competitive ratioO(kp� 1(log k)2) when the distances are raised to the
p-th power with a near-matching lower bound, [21] achieved a dimension-dependent competitive ratioO(d(log d)2)
for k-medians with the ‘ 1-norm in d dimensions, and [43] achieved a competitive ratioO((log k)3/2) for k-medians
with the ‘ 2-norm.

Paper organization. We formally de�ne explainable clustering and introduce relevant notation in Section 2.
We prove our O(log k log logk) competitive ratio upper bound for d = 2 in Section 3, and our k1� 2/d poly(d logk)
upper bound for d > 2 in Section 4. The lower boundk1� 2/d=polylog(k) is shown in Section 5. Some helper
claims and lemmas used in our analysis are stated and proved in Appendix A.

2 Preliminaries
We usex(j ) to denote the j -th coordinate of a point x in the d-dimensional spaceRd, where j is chosen from [d],
namely, {1; : : : ; d}. We use‖x‖2 = (

∑d
j=1 x(j )2)1/2 and ‖x‖1 = max j2 [d] |x(j )| to denote the ‘ 2-norm and the

‘ 1 -norm of a point x ∈ Rd, respectively.
Every pair ( j; � ) ∈ [d]×R de�nes an axis-parallel hyperplane that partitions Rd into two subsets: B � (j; � ) :=

{x ∈ Rd : x(j ) ≤ � } and B>(j; � ) := {x ∈ Rd : x(j ) > � }. We say two points x; x 0 ∈ Rd lie on the same side of
the hyperplane (j; � ) if x; x 0 ∈ B � (j; � ) or x; x 0 ∈ B>(j; � ); otherwise we say the two points lie on di�erent sides
of the hyperplane, or equivalently, they are separated by the hyperplane.

We consider decision trees as rooted directed trees. Nodes in the tree with no child are calledleaves, and
we require that every non-leaf node has exactly 2 children|a left child and a right child. Every non-leaf node
corresponds to an axis-parallel hyperplane (j; � ) ∈ [d]× R. This naturally makes every node in the tree de�ne a
subset ofRd with axis-parallel boundaries: the root de�nes the entire spaceRd; if a non-leaf node corresponding
to hyperplane (j; � ) de�nes the region B , its left child de�nes the region B ∩ B � (j; � ), and its right child de�nes
the region B ∩ B>(j; � ). Clearly, the regions de�ned by the leaves of a decision tree form a partition ofRd.

For positive integers d and k, a k-clustering C for a set of points x1; : : : ; xn ∈ Rd consists of k centroids
y1; : : : ; yk ∈ Rd and an assignment mapping� : [n] → [k]. The k-means cost of the clusteringC is given by
cost(C) =

∑n
i=1 ‖xi − yξ(i)‖2

2. We say the clusteringC is k-explainable with respect to a decision treeT if T has
at most k leaves and� (i ) = � (i 0) holds for all points xi; xi′ in the region de�ned by the same leaf ofT .

For a subsetW ⊆ Rd, we use|W | to denote its Lebesgue measure. We only care about the Lebesgue measure
of bounded subsets that can be represented as a union of �nitely many rectangles (or intervals whend = 1). For
those subsetsW , the Lebesgue measure|W | always exists.

Copyright c
 2022 by SIAM
Unauthorized reproduction of this article is prohibited2582

D
ow

nl
oa

de
d 

12
/0

3/
22

 to
 7

3.
16

2.
14

.1
02

 . 
R

ed
is

tr
ib

ut
io

n 
su

bj
ec

t t
o 

SI
A

M
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 h

ttp
s:

//e
pu

bs
.s

ia
m

.o
rg

/te
rm

s-
pr

iv
ac

y



We use log to denote the base-e logarithm, and log2 to denote the base-2 logarithm.

3 Explainable k-means in the plane
We focus on the simpler cased = 2 in this section and give an e�cient algorithm for �nding a k-explainable
clustering with competitive ratio O(log k log logk). Before we describe our algorithm, we remark that there exists
a poly-time algorithm that computes a k-explainable clustering with minimum k-means cost given a set ofn input
points in d = 2 dimensions. In fact, for general d ≥ 2 and n ≥ 2, there exists such an algorithm with running
time nO(d) via dynamic programming: if k ≥ n, it is trivial to achieve zero cost; if k < n , the algorithm solves all
subproblems each consisting of a box (� (1); � (1)] × (� (2); � (2)] × · · · × (� (d); � (d)] ⊆ Rd and a positive integer
k0 ≤ k, where the goal is to �nd a k0-explainable clustering with minimum cost for the input points inside the
box. Although there are in�nitely many such boxes, at most nO(d) among them de�ne distinct subsets of input
points, so essentially there are at mostknO(d) = nO(d) di�erent subproblems. Also, every subproblem with k0 = 1
can be solved directly inO(nd) time, and every subproblem with k0 > 1 can be solved inO(k0nd) = ( nd)O(1) time
using solutions to subproblems with smallerk0.

While the above algorithm guarantees to �nd a k-explainable clustering with minimum cost and thus minimum
competitive ratio, it does not give us a concrete bound on the competitive ratio. We develop a di�erent algorithm
that post-processes an arbitraryk-clustering C into a k-explainable clustering, and we show that thek-means
cost of the explainable clustering is at mostO(log k log logk) times the cost of C assumingd = 2. Choosing C as
the output of a constant-factor approximation algorithm for k-means ensures that the explainable clustering has
competitive ratio O(log k log logk).

Theorem 3.1. Assumek ≥ 2. There exists a poly-time algorithmpost-process 2d that takes ak-clustering C
of n points in 2 dimensions, and outputs a clusteringC0 of the n points and a decision treeT with at most k
leaves such that

1. C0 is k-explainable with respect toT ;

2. cost(C0) ≤ O(log k log log2(2k)) · cost(C);

3. C0 uses the samek centroids asC does.

Consequently, there exists a poly-time algorithm that takesn points in 2 dimensions and outputs ak-explainable
clustering with competitive ratio O(log k log log2(2k)) .

In the rest of the section, we assumed = 2 and k ≥ 2.

3.1 Subproblem Our algorithm post-process 2d works in a recursive manner, constructing the tree from root
to leaf. Thus, in each stage of the algorithm, we focus on a subset of the points and the centroids. Moreover, our
algorithm keeps track of some helper information for every point. This leads us to the de�nition of asubproblem.

Definition 3.1. (Subproblem for d = 2 ) Given points x1; : : : ; xn ∈ Rd and centroids y1; : : : ; yk ∈ Rd, a
subproblemP consists of the following:

1. A subsetX ⊆ {x1; : : : ; xn}. We focus on pointsx ∈ X .

2. A subsetY ⊆ {y1; : : : ; yk}. We focus on centroidsy ∈ Y .

3. An assigned centroid� x ∈ Y for every x ∈ X .

4. A length ‘ x ≥ 0 for every point x ∈ X . We always enforce‘ x to be an upper bound on‖x − � x‖1 (see
De�nition 3.4 Item 1). While we de�ne the k-means cost using the‘ 2-norm, in our analysis we �nd it more
convenient to keep track of the‘ 1 -norm instead.

5. A type tx for every point x ∈ X . The type tx is either a function tx : [d] → {0; 1; 2} or the irrelevant type
tx = ⊥. This gives a partition of X into two subsets: a subset

R = {x ∈ X : tx 6= ⊥}
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consisting of all relevant points, and a subsetX \R consisting of all irrelevant points . The set R is further
partitioned into R0; R1; : : : ; Rd de�ned as follows:

Ri = {x ∈ R : ‖tx‖0 = i}; for all i ∈ [d];

where ‖tx‖0 denotes the number ofj ∈ [d] with tx(j ) 6= 0 . If x ∈ R has tx(j ) 6= 0 for some j ∈ [d], we
ensure that x is close to one of theboundaries in the j -th dimension, which we formalize in De�nition 3.3
and De�nition 3.4 Item 4.

We �x a positive real number m as thecentroid masswhich we determine later. We can now de�ne two quantities
M (P) and A(P) for a subproblemP with respect to the centroid massm.

Definition 3.2. Given a subproblemP, we de�ne the following quantities:

M (P) := m|Y | +
∑
x2R0

‘ 2
x;

A(P) := f (M (P)) + 2 32
∑
x2R1

‘ 2
x + 2 9

∑
x2R2

‘ 2
x +

∑
x2XnR

‘ 2
x;

where
f (M ) := 2 57M (1 + log( M=m)) log log2(2k):

The quantity A(P) plays an important role in our proof of Theorem 3.1. The algorithm post-process 2d we
construct for proving Theorem 3.1 forms an initial subproblem P̃ with A(P̃) ≤ O(log k log log2(2k)) · cost(C) and
divides it into smaller and smaller subproblems. We compute an explainable clustering for every subproblem,
and we chooseC0 to be the explainable clustering for the initial subproblem P̃. We show that the cost of
the explainable clustering we �nd for every subproblem P is at most 2A(P) (Lemma 3.9), which implies
cost(C0) ≤ 2A(P̃) ≤ O(log k log log2(2k)) · cost(C), as required by Theorem 3.1.

Our algorithm post-process 2d crucially uses the boundaries and the diameter of a subproblem de�ned as
follows:

Definition 3.3. (Subproblem boundary) Given a subproblemP, for every j ∈ [d], we de�ne

b1(j ) = min
y2 Y

y(j ); and

b2(j ) = max
y2 Y

y(j )

as the lower and upperboundaries in the j -th dimension. De�ne L := max j2 [d](b2(j ) − b1(j )) as the diameter of
the subproblemP.

To impose necessary constraints on the subproblems we deal with, we focus onvalid subproblems de�ned below
(see Figure 1 for an example of a valid subproblem).

Definition 3.4. (Valid subproblem) Given points x1; : : : ; xn ∈ Rd and centroids y1; : : : ; yk ∈ Rd, a subprob-
lem P = ( X; Y; (� x)x2X ; (‘ x)x2X ; (tx)x2X ) is valid if all of the following hold:

1. ‘ x ≥ ‖x − � x‖1 for all x ∈ X .

2. M (P)=m ≤ 2k.

3. For every point x ∈ X \R and everyy ∈ Y , ‘ x ≥ ‖x − y‖1 .

4. If point x ∈ R has tx(j ) = 1 for some j ∈ [d], then |x(j ) − b1(j )| ≤ ‘ x. Similarly, if x ∈ R has tx(j ) = 2 ,
then |x(j ) − b2(j )| ≤ ‘ x.

Copyright c
 2022 by SIAM
Unauthorized reproduction of this article is prohibited2584

D
ow

nl
oa

de
d 

12
/0

3/
22

 to
 7

3.
16

2.
14

.1
02

 . 
R

ed
is

tr
ib

ut
io

n 
su

bj
ec

t t
o 

SI
A

M
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 h

ttp
s:

//e
pu

bs
.s

ia
m

.o
rg

/te
rm

s-
pr

iv
ac

y



1st dimension

2nd dimension

𝑏! 1 𝑏" 1

𝑏! 2

𝑏" 2

Figure 1: A valid subproblem in 2 dimenions. The hollow circles represent the centroidsy ∈ Y , and the �lled
circles represent the relevant pointsx ∈ R. Irrelevant points x ∈ X \R are not shown in the �gure. The four
dotted lines represent the boundaries as in De�nition 3.3. Every pointx ∈ R has an arrow pointing to its assigned
centroid � x. We draw an ‘ 1 ball (square) around every point x ∈ R with radius ‘ x. The square around a pointx
contains � x by De�nition 3.4 Item 1. According to De�nition 3.4 Item 4, the blue point can have tx(1) = 2 and
tx(2) = 2 because the blue square intersects the upper boundaries in both dimensions. Similarly, the red point
can have tx(2) = 2 but must have tx(1) = 0. The green point must have tx(1) = tx(2) = 0. The black point to
the bottom lies below the lower boundary in the 2nd dimension, and it can havetx(2) = 1.

3.2 Making a single cut We describe an e�cient algorithm single cut 2d that takes a valid subproblem
P, and produces two smaller valid subproblemsP1 and P2 together with an axis-parallel hyperplane (j � ; � )
that separates them. Later in Section 3.3, we invoke this algorithm recursively to construct the algorithm
post-process 2d required by Theorem 3.1.

Speci�cally, given an input subproblem P = ( X; Y; (� x)x2X ; (‘ x)x2X ; (tx)x2X ), the algorithm single cut 2d

computes a partition X 1; X 2 of X , a partition Y1; Y2 of Y , new assignments (� 0
x)x2X , new lengths (‘ 0

x)x2X , new
types (t0

x)x2X , and outputs two smaller subproblems

P1 = ( X 1; Y1; (� 0
x)x2X1

; (‘ 0
x)x2X1

; (t0
x)x2X1

);
P2 = ( X 2; Y2; (� 0

x)x2X2
; (‘ 0

x)x2X2
; (t0

x)x2X2
):(3.1)

The partitions ( X 1; X 2) and (Y1; Y2) are determined by an axis-parallel hyperplane (j � ; � ) ∈ [d] ×
(b1(j � ); b2(j � )):

X 1 = X ∩ B � (j � ; � ) = {x ∈ X : x(j � ) ≤ � };
X 2 = X ∩ B>(j � ; � ) = {x ∈ X : x(j � ) > � };
Y1 = Y ∩ B � (j � ; � ) = {y ∈ Y : y(j � ) ≤ � };
Y2 = Y ∩ B>(j � ; � ) = {y ∈ Y : y(j � ) > � }:(3.2)

We always choosej � ∈ [d] so that b2(j � ) − b1(j � ) is maximized, i.e., b2(j � ) − b1(j � ) = L . Note that by choosing
� ∈ (b1(j � ); b2(j � )), we are implicitly requiring b1(j � ) < b2(j � ), or equivalently, L > 0, which we assume to be
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the case. Moreover, the choice� ∈ (b1(j � ); b2(j � )) guarantees that Y1 and Y2 are both non-empty, and thus they
both have sizes smaller than|Y |, which means that the two subproblems are indeed \smaller".

We say a point x ∈ X is � -separated if x and � x are separated by the hyperplane (j � ; � ). In other words,
� -separated points form the subsetX + ⊆ X de�ned as follows:

(3.3) X + := {x ∈ X 1 : � x ∈ Y2} ∪ {x ∈ X 2 : � x ∈ Y1}:

Consequently, non-� -separated points belong to one of the following two sets

X 11 := {x ∈ X 1 : � x ∈ Y1}; and
X 22 := {x ∈ X 2 : � x ∈ Y2}:(3.4)

To make sure that the two subproblemsP1;P2 are well-de�ned, we require that � 0
x ∈ Y1 wheneverx ∈ X 1 and

� 0
x ∈ Y2 wheneverx ∈ X 2. In other words, we require that no point is � 0-separated. This implies that for every

� -separated point x ∈ X , we must ensure� 0
x 6= � x. On the other hand, our algorithm single cut 2d guarantees

� 0
x = � x wheneverx is not � -separated.

Our goal is to show that the two new subproblemsP1;P2 created by the single cut 2d algorithm satisfy
the following lemmas, which are crucial in our analysis to obtain Theorem 3.1. We always assume that the input
subproblemP is valid throughout Section 3.2 even when we do not explicitly state so.

Lemma 3.1. The two new subproblemsP1;P2 output by single cut 2d are both valid.

Lemma 3.2. The two new subproblemsP1;P2 output by single cut 2d satisfy A(P1) + A(P2) ≤ A(P).

We prove the above lemmas after describing thesingle cut 2d algorithm step by step in the following subsections.

3.2.1 Preprocessing For every x ∈ R with ‘ x ≥ L=16, we have

(3.5) ‖x − y‖1 ≤ ‖x − � x‖1 + ‖� x − y‖1 ≤ ‘ x + L ≤ 17‘ x; for all y ∈ Y:

For every such point x, we replace the current value of ‘ x by 17‘ x, and set tx = ⊥ (thus removing x from
R). The new subproblem is still valid (De�nition 3.4 Item 3 follows from (3.5)), and all points x ∈ R in the
new subproblem satis�es ‘ x ≤ L=16. Moreover, it is clear that the value of A(P) does not increase (note that
172 < 29). For the rest of Section 3.2, we useP = ( X; Y; (� x)x2X ; (‘ x)x2X ; (tx)x2X ) to denote the subproblem
after the preprocessing step.

3.2.2 Forbidding We specify a subsetF of the interval ( b1(j � ); b2(j � )) as the forbidden region. By making
the algorithm single cut 2d choose� outside of the forbidden region, we can guarantee some desired properties
for � -separated points (see Lemma 3.4).

For every point x ∈ X , de�ne Y (x) ⊆ Y as the following set of centroids:

(3.6) Y (x) :=
{
{y ∈ Y : y(j � ) ≥ min{x(j � ); b2(j � )}}; if x(j � ) ≥ � x(j � );
{y ∈ Y : y(j � ) ≤ max{x(j � ); b1(j � )}}; if x(j � ) < � x(j � ):

If x is � -separated, it is clear that every centroid in Y (x) must lie on the same side of the hyperplane (j � ; � ) with
x, in which case choosing� 0

x from Y (x) prevents x from being � 0-separated. De�ne � x as the centroid in Y (x)
with the smallest ‘ 1 distance to � x, and de�ne qx to be the corresponding‘ 1 distance:

� x = argmin
y2 Y (x)

‖� x − y‖1 ;

qx = ‖� x − � x‖1 :(3.7)

Now we focus on pointsx in the subset T ⊆ S ⊆ R0 ∪ R1 de�ned as follows:

S = {x ∈ R0 ∪ R1 : tx(j � ) = 0 ; x(j � ) 6= � x(j � )}:

T =

{
x ∈ S :

qx
L

> 211
(

‘ x
L

)1/(d�k txk0)
}

:(3.8)
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For every point x ∈ X , we de�ne an interval Wx as follows:

(3.9) Wx =
{

[� x(j � ); x(j � )) ∩ (b1(j � ); b2(j � )) ; if x(j � ) ≥ � x(j � );
[x(j � ); � x(j � )) ∩ (b1(j � ); b2(j � )) ; if x(j � ) < � x(j � ):

We de�ne the forbidden region F as

F = ( b1(j � ); b1(j � ) + L=8]∪ [b2(j � ) − L=8; b2(j � )) ∪
⋃
x2 T

Wx:

It is clear that F can be represented as a union of �nitely manydisjoint intervals, and the representation can
be computed in poly-time. We de�ne F as above because choosing� outside F guarantees that all relevant
points that can possibly be � -separated must have good properties summarized in Lemma 3.3 and Lemma 3.4
below, including having a relatively small value of qx. Since the algorithm needs to choose� ∈ (b1(j � ); b2(j � ))
outside the forbidden region, it is necessary to show that the forbidden region does not cover the entire interval
(b1(j � ); b2(j � )). Lemma 3.5 below makes a stronger guarantee.

Lemma 3.3. If we choose� ∈ (b1(j � ); b2(j � ))\F , then every x ∈ R with tx(j � ) = 1 belongs toX 11, and similarly
every x ∈ R with tx(j � ) = 2 belongs toX 22. Consequently, everyx ∈ R ∩ X + satis�es tx(j � ) = 0 .

Proof. Consider a point x ∈ R with tx(j � ) = 1. By De�nition 3.4 Item 4, we know |x(j � ) − b1(j � )| ≤ ‘ x ≤ L=16,
where the last inequality is guaranteed by the preprocessing step. By De�nition 3.4 Item 1 and the triangle
inequality, |� x(j � ) − b1(j � )| ≤ ‖x − � x‖1 + |x(j � ) − b1(j � )| ≤ ‘ x + ‘ x ≤ L=8. Therefore,

max{x(j � ); � x(j � )} ≤ b1(j � ) + L=8 < �;

where the last inequality is because (b1(j � ); b1(j � ) + L=8] ⊆ F and � ∈ (b1(j � ); b2(j � ))\F . This implies x ∈ X 11.
Similarly, every x ∈ R with tx(j � ) = 2 belongs to X 22. SinceX + is disjoint from X 11 ∪ X 22, points x ∈ R ∩ X +
cannot have tx(j � ) ∈ {1; 2}, and thus tx(j � ) = 0.

Lemma 3.4. If we choose� ∈ (b1(j � ); b2(j � ))\F , then every � -separated relevant pointx ∈ R ∩ X + satis�es all
of the following:

1. x(j � ) 6= � x(j � );

2. tx(j � ) = 0 (and thus ‖tx‖0 ≤ 1 and x ∈ R0 ∪ R1);

3. qx
L ≤ 211( `xL )1/(d�k txk0) .

Proof. Item 1 is obvious, since a pointx cannot be � -separated unlessx(j � ) 6= � x(j � ). Item 2 follows directly
from Lemma 3.3.

Assume for the sake of contradiction that Item 3 is not satis�ed by x ∈ R ∩ X + . We already know that
Item 1 and Item 2 are both satis�ed, so x ∈ S, and thereforex ∈ T . This implies Wx ⊆ F by the de�nition of F .
However, the fact that x ∈ X + implies � ∈Wx, and thus � ∈ F , a contradiction.

Lemma 3.5. The forbidden region F has length (i.e. Lebesgue measure) at mostL=2.

Lemma 3.5 is a direct consequence of the following lemma:

Lemma 3.6. |
⋃
x2 T Wx| ≤ L=4.

Proof. While we are dealing with d = 2 speci�cally, we prove the lemma using a more general language so that
the proof can be reused in Section 4 where we deal withd > 2.

By Claim A.3, we can �nd U ⊆ T such that the intervals (Wx)x2U are disjoint, and |
⋃
x2 T Wx| ≤ 3|

⋃
x2U Wx|.

It remains to prove that |
⋃
x2U Wx| ≤ L=12. De�ne U> = {x ∈ U : x(j � ) > � x(j � )}.

We prove |
⋃
x2U>

Wx| ≤ L=24 via a volume argument. For every point x ∈ U>, de�ne a rectangular box
Bx ⊆ Rd as follows:

Bx = {z ∈ Rd : ‖z− � x‖1 < qx=3; z(j � ) − � x(j � ) > qx=6}:
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We can write Bx in a di�erent way as the cartesian product Bx = Bx(1) × · · · × Bx(d), where Bx(j ) ⊆ R is the
interval ( � x(j )−qx=3; � x(j )+ qx=3) if j 6= j � , and Bx(j � ) ⊆ R is the interval ( � x(j � )+ qx=6; � x(j � )+ qx=3). Thus,
the width of Bx in the j � -th dimension is 1=4 times the width in other dimensions.

We show that the boxesBx are pair-wise disjoint. Assume for the sake of contradiction that a pointz lies in
both boxesBx and Bx′ where x; x 0 are distinct points in U>. Assume w.l.o.g.x(j � ) ≤ x0(j � ). Since Wx and Wx′

are disjoint, we have � x(j � ) < x (j � ) ≤ � x′ (j � ) < x 0(j � ). Therefore, � x′ ∈ Y (x), and thus

qx ≤ ‖� x − � x′‖1 ≤ ‖� x − z‖1 + ‖� x′ − z‖1 < qx=3 + qx′=3:

This implies that qx < qx′=2, and thus z(j � ) < � x(j � ) + qx=3 < � x′ (j � ) + qx′=6 < z (j � ), a contradiction.
It is clear by de�nition that qx ≤ L for all x ∈ U>. Therefore, the boxesBx are all contained in the large box

B := {z ∈ Rd : ∀j ∈ [d]; b1(j ) − L=3≤ z(j ) ≤ b2(j ) + L=3}:

The large box B contains a smaller boxB 0 de�ned as follows:

B 0 := {z ∈ B : ∀j ∈ [d]\{j � }; b1(j ) ≤ z(j ) ≤ b2(j )}:

For every z ∈ B , we de�ne � z ∈ B 0 such that � z(j � ) = z(j � ) and for all j 6= j � ,

� z(j ) =

 z(j ); if b1(j ) ≤ z(j ) ≤ b2(j );
b1(j ); if z(j ) < b1(j );
b2(j ); if z(j ) > b2(j ):

This allows us to de�ne another family of disjoint boxes. Speci�cally, de�ne B̃x = B̃x(1) × · · · × B̃x(d) where
B̃x(j ) ⊆ R are de�ned as follows:

1. B̃x(j � ) = ( � x(j � ) + qx=6; � x(j � ) + qx=3);

2. for all j 6= j � with tx(j ) = 0, B̃x(j ) = ( � x(j ) − qx=3; � x(j ) + qx=3);

3. for all j with tx(j ) = 1, B̃x(j ) = ( b1(j ) − L=3; b1(j ));

4. for all j with tx(j ) = 2, B̃x(j ) = ( b2(j ); b2(j ) + L=3).

It is clear that B̃x ⊆ B . Moreover, for j ∈ [d] with tx(j ) = 1, we have

(3.10) 0≤ � x(j ) − b1(j ) ≤ |b1(j ) − x(j )| + ‖x − � x‖1 ≤ 2‘ x < qx=3;

where the last inequality is by x ∈ U> ⊆ T and thus qx > 211 ‘ x. Inequality (3.10) implies b1(j ) ∈ Bx(j ) whenever
tx(j ) = 1. Similarly, we have b2(j ) ∈ Bx(j ) whenever tx(j ) = 2. Therefore, any z ∈ B̃x satis�es � z ∈ Bx because
z(j ) ∈ B̃x(j ) implies � z(j ) ∈ Bx(j ) for all j ∈ [d]. It is then easy to show that B̃x are disjoint: if z ∈ B̃x ∩ B̃x′ ,
then � z ∈ Bx ∩ Bx′ , a contradiction. Figure 2 shows an example of the boxesBx and B̃x contained in B .

The volume of B̃x can be lower bounded as follows:

|B̃x| =
d∏
j=1

|B̃x(j )| = (1 =4)(2qx=3)d�k txk0 (L=3)ktxk0 ≥ (5L=3)d(24‘ x=L);

where the last inequality is by the fact that qx
L > 211( `xL )1/(d�k txk0) , d ≥ 2, and ‖tx‖0 ≤ 1. Summing up, we have∑

x2U>

(5L=3)d(24‘ x=L) ≤
∑
x2U>

|B̃x| ≤ |B | ≤ (5L=3)d:

Therefore, ∑
x2U>

|Wx| ≤
∑
x2U>

‘ x ≤ L=24:

A similar argument proves
⋃
x2UnU>

|Wx| ≤ L=24, which implies |
⋃
x2U Wx| ≤ L=12 and completes the proof

of the lemma.
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𝑏! 𝑗

𝑗∗-th dimension

𝑗-th dimension

𝑏# 𝑗∗ 𝑏! 𝑗∗

𝑏# 𝑗

𝑃

𝑄 𝑅

𝑆

𝑃$

𝑄$ 𝑅$

𝑆$

Figure 2: For every x ∈ U>, the box Bx is represented by a square with solid boundary, and̃Bx is represented by
a shaded square. The rectangleP QRS represents the boxB , and the rectangleP0Q0R0S0 represents the smaller
box B 0. If tx(j ) = 1, the corresponding Bx (blue) intersects the lower boundary in the j -th dimension (the dotted
horizontal line at b1(j )). If tx(j ) = 2, the corresponding Bx (red) intersects the upper boundary in the j -th
dimension (the dotted horizontal line at b2(j )).

3.2.3 Cutting Our algorithm single cut 2d chooses� ∈ (b1(j � ); b2(j � ))\F using a method by Seymour [53]
based on Lemma 3.7 below. Recall that any choice of� de�nes a partition X 1; X 2 of X and a partition Y1; Y2 of
Y as speci�ed in (3.2). It also de�nes X + ; X 11; X 22 as speci�ed in (3.3) and (3.4). We further de�ne

M �
1 = m|Y1| +

∑
x2R0\ X11

‘ 2
x;

M �
2 = m|Y2| +

∑
x2R0\ X22

‘ 2
x;

M � = min {M (P)=2; M (P) −M �
1 ; M (P) −M �

2 }:

Lemma 3.7. There exists � ∈ (b1(j � ); b2(j � ))\F satisfying

(3.11)
∑

x2R0\ X+

‘ xL ≤ 8M � log(M (P)=M � ) log log2(M (P)=m):

Moreover, � can be computed in poly-time.

Proof. The fact that � can be computed in poly-time follows immediately from its existence, because there are at
most |X |+ |Y | choices of� ∈ (b1(j � ); b2(j � ))\F that lead to distinct partitions ( X 1; X 2) and (Y1; Y2). It only takes
poly-time to check (3.11) for each of the choices using the representation ofF as a union of disjoint intervals.
Below we prove the existence of� .

De�ne M = M (P). For every point x ∈ R0, de�ne a function gx : (b1(j � ); b2(j � )) → [0; +∞) such that
gx(� ) = ‘ 2

x=|Wx| if � ∈ Wx, and gx(� ) = 0 otherwise. De�ne h(� ) as the number of centroids y ∈ Y with
y(j � ) < � . De�ne

G(� ) = mh(� ) +
∑
x2R0

∫ θ

b1(j∗)
gx(� 0)d� 0:

It is clear that G is non-decreasing, and bounded betweenm and M −m for all � ∈ (b1(j � ); b2(j � )). Moreover,
for every choice of� , we have M �

1 ≤ G(� ) and M �
2 ≤ M − G(� ). De�ne I 1 = ( {x(j � ) : x ∈ X } ∪ {y(j � ) : y ∈

Y}) ∩ (b1(‘ � ); b2(‘ � )). G is di�erentiable on ( b1(‘ � ); b2(‘ � ))\I 1, where G0(� ) =
∑
x2R0

g(� ).
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By Lemma 3.5, the total length of the non-forbidden region is at leastL=2. Therefore, we can �nd real
numbers � 1; : : : ; � u and � 1; : : : ; � u such that

1. b1(j � ) ≤ � 1 < � 1 ≤ � 2 < � 2 ≤ · · · ≤ � u < � u ≤ b2(j � );

2. every (� i; � i) is disjoint from the forbidden region F ;

3.
∑u
i=1 (� i − � i) = L=2.

De�ne zi :=
∑i
i′=1 (� i′ − � i′ ). We de�ne a bijection 
 from

⋃u
i=1 (zi� 1; zi) to

⋃u
i=1 (� i; � i) as follows: for all

z ∈ (zi� 1; zi), de�ne 
 (z) = � i + ( z − zi� 1). It is clear that 
 is non-decreasing and has derivative
 0(z) = 1 for
all z ∈

⋃u
i=1 (zi� 1; zi).

De�ne I = {z1; : : : ; zm� 1} ∪ {
 � 1(� ) : � ∈ I 1 ∩
⋃u
i=1 (� i; � i)}. I is a �nite subset of (0; L=2). De�ne

V : (0; L=2)\I → [m; M − m] by V (z) = G(
 (z)). Then V is a non-decreasing function on (0; L=2)\I with
derivative V 0(z) = G0(
 (z)). By Lemma A.2, we can �nd z ∈ (0; L=2)\I such that

V 0(z) ≤ (4=L)M 0log(M=M 0) log log2(M=m);

where M 0 := min {V (z); M − V (z)}. Choose � = 
 (z). We have M 0 ≤ V (z) = G(� ) ≤ M − M �
2 and

M 0≤ M − V (z) = M −G(� ) ≤ M −M �
1 . Therefore, M 0≤ M � . By Claim A.2, we have

G0(� ) = V 0(z) ≤ (8=L)M � log(M=M � ) log log2(M=m):

The lemma is proved by noting that

G0(� ) =
∑
x2R0

gx(� ) ≥
∑

x2R0\ X+

gx(� ) ≥
∑

x2R0\ X+

‘ x;

where the last inequality is by the easy fact that � ∈Wx wheneverx ∈ X + and that ‘ 2
x=|Wx| ≥ ‘ x.

3.2.4 Updating Having computed the hyperplane (j � ; � ), we get the partions (X 1; X 2) and (Y1; Y2) by (3.2).
We now specify the new assignments� 0

x, new lengths ‘ 0
x, new types t0

x. The two new subproblemsP1;P2 can
then be formed by (3.1).

For every non-� -separated point x ∈ X \X + we de�ne � 0
x = � x, ‘ 0

x = ‘ x, and t0
x = tx. For every � -separated

irrelevant point x ∈ X + \R, we de�ne ‘ 0
x = ‘ x, t0

x = tx(= ⊥), and de�ne � 0
x to be an arbitrary centroid in Y that

lies on the same side of the hyperplane (j � ; � ) with x. Such a centroid exists becauseY1; Y2 are both non-empty
since we choose� from (b1(j � ); b2(j � )).

It remains to consider relevant points that are � -separated, i.e. pointsx ∈ R ∩ X + . These points satisfy the
properties in Lemma 3.4. For these points, we de�ne

(3.12) ‘ 0
x = ‘ x + 2 11L (‘ x=L)1/(d�k txk0)

and � 0
x = � x. We de�ne t0

x to be equal to tx, except that we changet0
x(j � ) to either 1 or 2 from the original value

tx(j � ) = 0 (Lemma 3.4 Item 2). Speci�cally, de�ne t0
x(j � ) = 1 if x ∈ X 2, and t0

x(j � ) = 2 if x ∈ X 1.
This completes our de�nition of � 0

x; ‘ 0
x and t0

x. The algorithm single cut 2d returns the two subproblem
P1;P2 formed by (3.1) together with the hyperplane (j � ; � ). Before we prove Lemma 3.1 and Lemma 3.2, we �rst
prove Lemma 3.8 below. De�neR0 = {x ∈ X : t0

x 6= ⊥}. For i = {0; 1; 2}, de�ne R0
i = {x ∈ R0 : ‖t0

x‖0 = i}. It is
clear from our update rules that t0

x = ⊥ if and only if tx = ⊥, so R0 = R.

Lemma 3.8. We have the following equalities and inequalities:

M (P1) = M �
1 ; and M (P2) = M �

2 ;(3.13)
min{M �

1 ; M �
2 } ≤ M � ; and max{M �

1 ; M �
2 } ≤ M (P) −M � :(3.14)

Proof. According to our update rule, no point x ∈ X + has ‖t0
x‖0 = 0 because eitherx ∈ X + \R and t0

x = ⊥,
or x ∈ R ∩ X + and ‖t0

x‖0 ≥ 1. Therefore, a point x ∈ X 1 ∩ R0
0 if and only if x ∈ X 1\X + = X 11, tx 6= ⊥, and

‖tx‖0 = 0, or equivalently, x ∈ R0 ∩ X 11. This implies

M (P1) = m|Y1| +
∑

x2X1\ R′0

(‘ 0
x)2 = m|Y1| +

∑
x2R0\ X11

(‘ 0
x)2 = m|Y1| +

∑
x2R0\ X11

‘ 2
x = M �

1 :
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Similarly, M (P2) = M �
2 . This completes the proof of (3.13).

To prove (3.14), we assume w.l.o.g. thatM �
1 ≤ M �

2 . It is clear from de�nition that M �
1 + M �

2 ≤ M (P).
Therefore, M �

1 ≤ min{M (P)=2; M (P) − M �
1 ; M (P) − M �

2 } = M � . The de�nition of M � directly implies
M �

2 ≤ M (P) −M � .

We conclude Section 3.2 by proving Lemma 3.1 and Lemma 3.2. We �rst prove Lemma 3.1.

Proof. Let P = ( X; Y; (� x)x2X ; (‘ x)x2X ; (tx)x2X ) denote the valid subproblem after the preprocessing step.
We check every item in De�nition 3.4. Item 3 follows immediately from the validity of P and the fact that

� 0
x = � x wheneverx ∈ X \R0 = X \R.

Now we prove Item 1. All non-� -separated pointsx ∈ X \X + have � 0
x = � x, and ‘ 0

x = ‘ x, so they satisfy
‘ 0
x = ‘ x ≥ ‖x− � x‖1 = ‖x− � 0

x‖1 . By Item 3, all points in X \R = X \R0 also satisfy ‘ 0
x ≥ ‖x− � 0

x‖1 . It remains
to check Item 1 for � -separated relevant pointsx ∈ R ∩ X + . By Lemma 3.4, these points satisfy

‘ 0
x = ‘ x + 2 11L (‘ x=L)1/(d�k txk0) ≥ ‘ x + qx ≥ ‖x − � x‖1 + ‖� x − � x‖1 ≥ ‖x − � x‖1 = ‖x − � 0

x‖1 :

We now move on to Item 2. It su�ces to prove that max {M (P1); M (P2)} ≤ M (P), which follows directly
from Lemma 3.8.

Now we prove Item 4. We prove it for P1, and omit the similar proof for P2. De�ne b0
1(j ); b0

2(j ) similarly as
b1(j ); b2(j ) are de�ned in De�nition 3.3 except that we replace Y by Y1.

Supposex ∈ X 1 ∩ R0 has t0
x(j ) 6= 0. If j = j � and t0

x(j ) = 2, then by Lemma 3.3 it must be the case that
x ∈ R ∩ X + . We have � 0

x(j ) ≤ b0
2(j ) ≤ � x(j ), so

|x(j ) − b0
2(j )| ≤ max{|x(j ) − � 0

x(j )|; |x(j ) − � x(j )|} ≤ max{‘ 0
x; ‘ x} = ‘ 0

x:

If j 6= j � or t0
x(j ) 6= 2, we have t0

x(j ) = tx(j ). De�ne i = t0
x(j ) = tx(j ). If i = 1, we have bi(j ) ≤ b0

i(j ) ≤ � 0
x(j ); if

i = 2, we have bi(j ) ≥ b0
i(j ) ≥ � 0

x(j ). In both cases,

|x(j ) − b0
i(j )| ≤ max{|x(j ) − � 0

x(j )|; |x(j ) − bi(j )|} ≤ max{‘ 0
x; ‘ x} = ‘ 0

x:

Now we prove Lemma 3.2.

Proof. Since the preprocessing step preserves the validity ofP and does not increaseA(P), we assume w.l.o.g.
that P = ( X; Y; (� x)x2X ; (‘ x)x2X ; (tx)x2X ) is the subproblem after the preprocessing step. De�neM = M (P).
We have

(3.15) A(P1) + A(P2) = f (M (P1)) + f (M (P2)) + 2 32
∑
x2R′1

(‘ 0
x)2 + 2 9

∑
x2R′2

(‘ 0
x)2 +

∑
x2XnR

(‘ 0
x)2:

Moreover, ∑
x2R′1

(‘ 0
x)2 =

∑
x2R1\ R′1

(‘ 0
x)2 +

∑
x2R0\ R′1

(‘ 0
x)2

=
∑

x2R1\ R′1

(‘ 0
x)2 +

∑
x2R0\ X+

(‘ 0
x)2

=
∑

x2R1\ R′1

‘ 2
x +

∑
x2R0\ X+

(‘ x + 2 11L (‘ x=L)1/2)2(by (3.12))

≤
∑

x2R1\ R′1

‘ 2
x + 2 23

∑
x2R0\ X+

‘ xL

≤
∑

i2R1\ R′1

‘ 2
x + 2 25M � log(M=M � ) log log2(2k);(3.16)
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where the last inequality is by Lemma 3.7 and De�nition 3.4 Item 2. Similarly,∑
x2R′2

(‘ 0
x)2 =

∑
x2R2

(‘ 0
x)2 +

∑
x2R1\ R′2

(‘ 0
x)2

=
∑
x2R2

‘ 2
x +

∑
x2R1\ R′2

(‘ x + 2 11 ‘ x)2(by (3.12))

≤
∑
x2R2

‘ 2
x + 2 23

∑
x2R1\ R′2

‘ 2
x;(3.17)

Applying Lemma 3.8,

f (M (P1)) + f (M (P2)) + 2 57M � log(M=M � ) log log2(2k)

= f (M �
1 ) + f (M �

2 ) + 2 57M � log(M=M � ) log log2(2k)

≤ f (M � ) + f (M −M � ) + 2 57M � log(M=M � ) log log2(2k)

≤ 257
(

M � (1 + log( M � =m)) log log2(2k) + ( M −M � )(1 + log( M=m)) log log2(2k)

+ M � log(M=M � ) log log2(2k)
)

= f (M ):(3.18)

Combining the inequalities as (3.16)×232+(3.17)×29+(3.18) and simplifying using (3.15), we getA(P1)+ A(P2) ≤
A(P), as desired.

3.3 Building a decision tree We prove Theorem 3.1 by describing the algorithmpost-process 2d that takes
an arbitrary k-clustering C and turns it into a k-explainable clustering with respect to a decision treeT .

As shown in Algorithm 1, our algorithm post-process 2d calls an algorithm decision tree 2d that takes a
valid subproblem P = ( X; Y; (� x)x2X ; (‘ x)x2X ; (tx)x2X ) and produces a decision treeT and an assigned centroid
� x ∈ Y for every x ∈ X . Algorithm decision tree 2d works recursively as follows: if the diameterL of P is
zero, which means that all centroidsy ∈ Y are at the same location, return ((� x)x2X ; T ), where � x is identical
for all x and equals to an arbitrary centroid y ∈ Y , and T is the tree with a single node; else, the algorithm
decision tree 2d calls single cut 2d on P, obtains a hyperplane (j � ; � ) and two subproblems P1;P2. The
algorithm decision tree 2d recursively calls itself onP1 and P2, and obtains ((� x)x2X1

; T1) and (( � x)x2X2
; T2).

The algorithm constructs a tree T with root corresponding to (j � ; � ) and its left and right sub-trees being T1 and
T2. The algorithm returns (( � x)x2X ; T ).

Lemma 3.9. Assuming the input P = ( X; Y; (� x)x2X ; (‘ x)x2X ; (tx)x2X ) to decision tree 2d is valid. The
output (( � x)x2X ; T ) of decision tree 2d satis�es the following properties. The decision treeT has at most
|Y | leaves. For every leafv of the decision treeT and every pair of points x; x 0 ∈ X in the region de�ned by v,
we have� x = � 0

x. Moreover,
∑
x2X ‖x − � x‖2

1 ≤ A(P).

Proof. We prove the lemma by induction on |Y |. When |Y | = 1, we have L = 0 and thus decision tree 2d

returns without calling single cut 2d. The lemma is trivial in this case. Now suppose the lemma is true when
|Y | < u for an integer u > 1, and we prove the lemma for|Y | = u. If L = 0, then again the lemma is trivial;
otherwise, the algorithm decision tree 2d calls single cut 2d, and the lemma follows from the induction
hypothesis together with Lemma 3.1 and Lemma 3.2.

Given a k-clustering C of points x1; : : : ; xn consisting of centroids y1; : : : ; yk, and an assignment mapping
� : [n]→ [k], the algorithm post-process 2d computes aninitial subproblem P̃ by setting X = {x1; : : : ; xn}; Y =
{y1; : : : ; yk}; � xi

= yξ(i) ; ‘ x = ‖x − � x‖1 ; tx(j ) = 0 ;∀j ∈ [d]. Setting the centroid massm = 1
k

∑
x2X ‘ 2

x, we have
P̃ is valid and A(P̃) = O(log k log log2(2k)) · cost(C). Algorithm post-process 2d then calls decision tree 2d

on P̃ and obtains (� x)x2X and T . Algorithm post-process 2d returns the decision treeT and a clustering C0

with centroids y1; : : : ; yk and assignment mapping� 0 : [n]→ [k] such that yξ′(i) = � xi
.

Now we �nish the proof of Theorem 3.1.
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Algorithm 1: Algorithm post-process 2d via decision tree 2d

Input : A k-clustering C of points x1; : : : ; xn in d = 2 dimensions
Output: A k-clustering C0 of points x1; : : : ; xn, a decision treeT

Algorithm post-process 2d(x1; : : : ; xn; C)
Let y1; : : : ; yk be the centroids ofC, and � : [n]→ [d] be the assignment mapping ofC;
X ← {x1; : : : ; xn}; Y ← {y1; : : : ; yk};
∀i ∈ [n];∀x ∈ X; ∀j ∈ [d], set � xi

← yξ(i) ; ‘ x ← ‖x − � x‖1 ; tx(j ) ← 0;
P̃ ← (X; Y; (� x)x2X ; (‘ x)x2X ; (tx)x2X ); /* Initial subproblem */

m ← 1
k

∑
x2X ‘ 2

x ; /* Centroid mass */

(( � x)x2X ; T ) ← decision tree 2d(P̃);
Let � 0 : [n]→ [d] be such that yξ′(i) = � xi .;
Let C0 be the clustering with centroids y1; : : : ; yk and assignment mapping� 0;
return C0; T ;

Input : A valid subproblem P = ( X; Y; (� x)x2X ; (‘ x)x2X ; (tx)x2X )
Output: An assigned centroid� x ∈ Y for every point x ∈ X , a decision treeT

Algorithm decision tree 2d(P)
Let L be the diameter ofP;
if L = 0 then

Pick an arbitrary y ∈ Y and set � x = y for all x ∈ X ;
Let T be the decision tree with a single node;

else
(P1;P2; j � ; � ) ← single cut 2d(P);
(( � x)x2X1

; T1) ← decision tree 2d(P1);
(( � x)x2X2

; T2) ← decision tree 2d(P1);
De�ne T to be the decision tree with root corresponding to hyperplane (j � ; � ) and its left and
right sub-trees beingT1 and T2.;

return (� x)x2X ; T ;

Proof. Sincesingle cut 2d computes � in polynomial time by Lemma 3.7, the entire algorithm single cut 2d

can be implemented in polynomial time. Consequently,decision tree 2d and post-process 2d both run in
polynomial time. Let C0 and T be the output of algorithm post-process 2d. By Lemma 3.9, we knowC0 is
k-explainable w.r.t. T , and

cost(C0) =
n∑
i=1

‖xi − yξ′(i)‖2
2 ≤ 2

n∑
i=1

‖xi − yξ′(i)‖2
1 = 2

n∑
i=1

‖xi − � xi
‖2

1

≤ 2A(P̃) ≤ O(log k log log2(2k))cost(C):

It is by de�nition that C0 uses the same centroids asC does. ChoosingC as the output of a poly-time constant
factor approximation algorithm for k-means, e.g. [33, 2, 28], or sinced = 2, a PTAS for k-means [23, 18, 17], gives
the competitive ratio bound O(log k log log2(2k)).

4 Explainable k-means in d > 2 dimensions
We now describe our algorithm for higher dimensions, i.e.,d > 2. The algorithm also works for d = 2 despite
giving a worse bound than Theorem 3.1. We follow the same structure as the previous section, and emphasize
the di�erences from it. Our goal is to prove the following high-dimensional analogue of Theorem 3.1.

Theorem 4.1. Assumek; d ≥ 2. There exists a poly-time algorithmpost-process that takes ak-clustering C of
n points in d dimensions, and outputs a clusteringC0 of the n points and a decision treeT with at most k leaves
such that
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1. C0 is k-explainable with respect toT ;

2. cost(C0) ≤ O
(
k1� 2/d(log k)8(log log2(2k))3d4) · cost(C);

3. C0 uses the samek centroids asC does.

Consequently, there exists a poly-time algorithm that takesn points in d dimensions and outputs ak-explainable
clustering with competitive ratio O

(
k1� 2/d(log k)8(log log2(2k))3d4).

The bound in Theorem 4.1 can be improved when combined with [43, 25, 21].

Corollary 4.1. (In light of [43, 25, 21]) Assumek; d ≥ 2. There exists a poly-time algorithm that takesn
points in d dimensions and outputs ak-explainable clustering with competitive ratiok1� 2/d polylog(k).

Proof. Use the following algorithm: when d ≤ logk, invoke the algorithm in Theorem 4.1 to achieve competitive
ratio

O
(
k1� 2/d(log k)8(log log2(2k))3d4) = k1� 2/d polylog(k);

when d > logk, invoke the algorithm in [43, 25, 21] to achieve competitive ratio

k polylog(k) = k2/dk1� 2/d polylog(k) = O(1) · k1� 2/d polylog(k) = k1� 2/d polylog(k):

In the rest of the section, we assumek; d ≥ 2.

4.1 Subproblem Compared to subproblems ford = 2 de�ned in Section 3.1, subproblems ford > 2 contain
more information:

Definition 4.1. (Subproblem for d > 2) Given points x1; : : : ; xn ∈ Rd and centroids y1; : : : ; yk ∈ Rd, besides
what is included in De�nition 3.1, a subproblemP consists of the following in addition:

1. A color cx ∈ {−1; 0; : : : ; blog2 kc − 1} for every point x ∈ X .

2. A scale sx ∈ [1; +∞) for every point x ∈ X ;

3. A potential px ∈ (0; +∞) for every point x ∈ X .

We �x a positive real number m as the centroid mass and de�ne two quantities M (P) and A(P) for a
subproblemP with respect to the centroid massm. This is similar to De�nition 3.2 but we take the potentials
px into account:

Definition 4.2. Given a subproblemP, we de�ne the following quantities:

M (P) := m|Y | +
∑
x2R

px‘ 2
x

(
16(log(2k))2 log log2(2k)

)2�k txk0 ;

A(P) := f (M (P)) +
∑

x2XnR

px‘ 2
x;

where
f (M ) := 16M (M=m)1/ log(2 k) (1 + log( M=m)) log log2(2k):

We de�ne subproblem boundaries in the same way as De�nition 3.3. Our de�nition for valid subproblems includes
more requirements than De�nition 4.3:

Definition 4.3. (Valid subproblem) Given points x1; : : : ; xn ∈ Rd and centroids y1; : : : ; yk ∈ Rd, a subprob-
lem P = ( X; Y; (� x)x2X ; (‘ x)x2X ; (tx)x2X ; (cx)x2X ; (sx)x2X ; (px)x2X ) is valid if in addition to the requirements
in De�nition 3.4, it satis�es all of the following:

1. For all x ∈ R, ‖tx‖0 ≤ 2. (Thus, R = R0 ∪ R1 ∪ R2.)
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2. If x ∈ R0, then ‘ x is either zero or a power of2, i.e., ‘ x = 0 or ‘ x = 2 a for an integer a.

3. If x ∈ R0, then sx = k.

4. For every relevant point x ∈ R, its color cx = −1 if and only if x ∈ R0.

5. For every color c ∈ {0; : : : ; blog2 kc − 1} and every relevant typet : [d] → {0; 1; 2}, de�ne Rc,t = {x ∈ R :
cx = c; tx = t} and Yc,t = {� x : x ∈ Rc,t}. If Rc,t 6= ∅, there exists scalesc,t ≥ 1 and length ‘ c,t ≥ 0 such
that all points x ∈ Rc,t havesx = sc,t and ‘ x = ‘ c,t. Moreover, |Yc,t| ≤ sc,t.

4.2 Making a single cut As in Section 3.2, we describe an e�cient algorithm single cut that takes a
valid subproblem P = ( X; Y; (� x)x2X ; (‘ x)x2X ; (tx)x2X ; (cx)x2X ; (sx)x2X ; (px)x2X ), and produces two smaller
valid subproblems P1 and P2 together with an axis-parallel hyperplane (j � ; � ) that separates them. The two
subproblems are de�ned by new assignments (� 0

x)x2X , new lengths (‘ 0
x)x2X , new types (t0

x)x2X , new colors
(c0
x)x2X , new scales (s0

x)x2X , and new potentials (p0
x)x2X as follows

P1 = ( X 1; Y1; (� 0
x)x2X1 ; (‘ 0

x)x2X1 ; (t0
x)x2X1 ; (c0

x)x2X1 ; (s0
x)x2X1 ; (p0

x)x2X1 );
P2 = ( X 2; Y2; (� 0

x)x2X2 ; (‘ 0
x)x2X2 ; (t0

x)x2X2 ; (c0
x)x2X2 ; (s0

x)x2X2 ; (p0
x)x2X2 ):(4.19)

Again, we choosej � = argmax j2 [d](b2(j ) − b1(j )), and de�ne X 1; X 2; Y1; Y2; X + ; X 11; X 22 as in (3.2), (3.3) and
(3.4). Throughout Section 4.2, we assume that the input subproblemP is valid and has diameter L > 0 even
when we do not explicitly state so. At the end of the section, we prove the following lemmas for the algorithm
single cut.

Lemma 4.1. The two new subproblemsP1;P2 output by single cut are both valid.

Lemma 4.2. The two new subproblemsP1;P2 output by single cut satisfy A(P1) + A(P2) ≤ A(P).

We describe the algorithmsingle cut step by step in the following subsections.

4.2.1 Preprocessing If x ∈ R has ‘ x ≥ L=64, we replace‘ x by 65‘ x, replace px by px=652, and set tx = ⊥
(thus removing x from R). Similarly to Section 3.2.1, it is clear that the new subproblem is still valid, and in
the new subproblem every pointx ∈ R satis�es ‘ x ≤ L=64. Moreover, the value ofA(P) does not increase. For
the rest of Section 4.2, we useP = ( X; Y; (� x)x2X ; (‘ x)x2X ; (tx)x2X ; (cx)x2X ; (sx)x2X ; (px)x2X ) to denote the
subproblem after the preprocessing step.

4.2.2 Forbidding Similarly to Section 3.2.2, we specify a subsetF of the interval ( b1(j � ); b2(j � )) as the
forbidden region.

For all x ∈ X , we de�ne Y (x); � x; qx; Wx as in (3.6),(3.7), and (3.9). We also de�neS; T as in (3.8).
For a point x ∈ R0 with ‘ x ≥ L=32k, we change its color fromcx = −1 (guaranteed by Item 4 in De�nition 4.3)

to cx = blog2(‘ x=(L=32k))c. Our preprocessing guarantees that‘ x ≤ L=64, so the newcx is an integer between 0
and blog2 kc − 1. Moreover, points x ∈ R0 have ‘ x being a power of 2 by Item 2 in De�nition 4.3. This means
that if x; x 0∈ R0 have cx = cx′ ≥ 0 after the color change, then‘ x = ‘ x′ . By Item 3 in De�nition 4.3, all points
x ∈ R0 have sx = k, so Item 5 in De�nition 4.3 still holds with the new colors and the induced new de�nitions of
Rc,t; Yc,t; sc,t; ‘ c,t.

For every color c≥ 0 and every type t 6= ⊥, if Rc,t = ∅, de�ne H c,t = ∅. If Rc,t 6= ∅, we know Yc,t 6= ∅, and we
de�ne H c,t as follows, whereEc,t(y) is the interval [ y(j � ) − ‘ c,t; y(j � ) + ‘ c,t] for every y ∈ Yc,t, and 1E(·) denotes
the indicator function of E ⊆ R:

H c,t =

� ∈ (b1(j � ); b2(j � )) :
∑
y2 Yc,t

1Ec,t(y) (� ) > 48 · 2ktk0

(
d
‖t‖0

)
sc,t‘ c,t(log2 k)=L

 :
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The entire forbidden region is

F = ( b1(j � ); b1(j � ) + L=32]∪ [b2(j � ) − L=32; b2(j � ))

∪
⋃
y2 Y

[y(j � ) − L=32k; y(j � ) + L=32k] ∩ (b1(j � ); b2(j � ))

∪
⋃
x2 T

Wx

∪
⋃

c� 0,t6= ?

H c,t:

Similarly to the d = 2 case, F can be represented as a union of �nitely manydisjoint intervals, and the
representation can be computed in poly-time. The following lemma has essentially the same proof as Lemma 3.3:

Lemma 4.3. If we choose� ∈ (b1(j � ); b2(j � ))\F , then every x ∈ R with tx(j � ) = 1 belongs toX 11, and similarly
every x ∈ R with tx(j � ) = 2 belongs toX 22. Consequently, everyx ∈ R ∩ X + satis�es tx(j � ) = 0 .

Similarly to Lemma 3.4 and Lemma 3.5, we prove Lemma 4.4 and Lemma 4.5 below.

Lemma 4.4. If we choose� ∈ (b1(j � ); b2(j � ))\F , then every � -separated relevant pointx ∈ R ∩ X + satis�es all
of the following:

1. x(j � ) 6= � x(j � );

2. ‘ x ≥ L=64k (and thus cx ≥ 0);

3. tx(j � ) = 0 ;

4. if x ∈ R0 ∪ R1, then qx
L ≤ 211( `xL )1/(d�k txk0) .

Moreover, for every color c≥ 0 and every typet 6= ⊥,

(4.20) |{� x : x ∈ Rc,t ∩ X + }| ≤ 48 · 2ktk0

(
d
‖t‖0

)
sc,t‘ c,t(log2 k)=L:

Proof. Item 3 follows directly from Lemma 4.3. Item 1 and Item 4 follow from the same argument in the proof
of Lemma 3.4.

Assume for the sake of contradiction that Item 2 does not hold forx ∈ R ∩ X + . Then by De�nition 3.4
Item 1, |x(j � ) − � x(j � )| ≤ ‖x − � x‖1 ≤ ‘ x < L= 64k. Therefore,

Wx ⊆ [� x(j � ) − L=64k; � x(j � ) + L=64k] ∩ (b1(j � ); b2(j � )) ⊆ F:

However, the fact that x ∈ X + implies � ∈Wx, and thus � ∈ F , a contradiction.
Assume for the sake of contradiction that (4.20) does not hold for colorc ≥ 0 and type t 6= ⊥. For every

y ∈ {{� x : x ∈ Rc,t ∩ X + }} ⊆ Yc,t, we have � ∈ Ec,t(y). Since (4.20) is violated, this means� ∈ H c,t ⊆ F , a
contradiction.

Lemma 4.5. The forbidden region F has length at mostL=2.

Proof. Using a similar argument to the proof of Lemma 3.6, we have|
⋃
x2 T Wx| ≤ L=4. It su�ces to prove

|
⋃
c� 0,t6= ? H c,t| ≤ L=8.
For a uniform random � ∈ (b1(j � ); b2(j � )), we haveE[1Ec,t(y) (� )] ≤ |Ec,t(y)|=L = 2 ‘ c,t=L. Therefore,

E[
∑
y2 Yc,t

1Ec,t(y) (� )] ≤ |Yc,t| · 2‘ c,t=L ≤ 2sc,t‘ c,t=L:
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By Markov’s inequality, |H c,t| ≤ L=
(

24 · 2ktk0
(
d

ktk0

)
log2 k

)
. Summing up overc; t, we have

∑
c� 0,t6= ?

|H c,t| ≤
2∑
i=0

∑
ktk0= i

blog2 kc� 1∑
c=0

L=
(

24 · 2i
(

d
i

)
log2 k

)

≤
2∑
i=0

∑
ktk0= i

L=
(

24 · 2i
(

d
i

))

=
2∑
i=0

L=24

= L=8:

4.2.3 Cutting We choose� ∈ (b1(j � ); b2(j � )) in a similar way as in Section 3.2.3 based on Lemma 4.6 below.
For every choice of� , de�ne

M �
1 = m|Y1| +

∑
x2R\ X11

px‘ 2
x

(
16(log(2k))2 log log2(2k)

)2�k txk0 ;

M �
2 = m|Y2| +

∑
x2R\ X22

px‘ 2
x

(
16(log(2k))2 log log2(2k)

)2�k txk0 ;

M � = min {M (P)=2; M (P) −M �
1 ; M (P) −M �

2 }:

Lemma 4.6. There exists � ∈ (b1(j � ); b2(j � ))\F satisfying∑
x2R\ X+

px‘ xL
(
16(log(2k))2 log log2(2k)

)2�k txk0 ≤ 8M � log(M (P)=M � ) log log2(M (P)=m):

Moreover, � can be computed in poly-time.

We omit the proof as it is essentially the same as the proof of Lemma 3.7.

4.2.4 Updating Having computed the hyperplane (j � ; � ), we get the partions (X 1; X 2) and (Y1; Y2) by (3.2).
We now specify the new assignment� 0

x, new lengths ‘ 0
x, new types t0

x, new colors c0
x, new scaless0

x, and new
potentials p0

x. The two new subproblemsP1;P2 can then be formed by (4.19).
For every non-� -separated point x ∈ X \X + we de�ne � 0

x = � x, ‘ 0
x = ‘ x, t0

x = tx, s0
x = sx, p0

x = px, and de�ne
c0
x = −1 if x ∈ R0 and c0

x = cx otherwise. For every � -separated irrelevant point x ∈ X + \R, we de�ne ‘ 0
x = ‘ x,

t0
x = tx(= ⊥), s0

x = sx, p0
x = px, c0

x = cx, and de�ne � 0
x to be an arbitrary centroid in Y that lies on the same side

of the hyperplane (j � ; � ) with x.
It remains to consider relevant points that are � -separated, i.e. pointsx ∈ R ∩ X + . We de�ne

(4.21) s0
x = 48 · 2ktxk0

(
d
‖tx‖0

)
sx‘ x(log2 k)=L:

It is clear that s0
x ≥ 1 because otherwise no point inRcx,tx should be� -separated by Lemma 4.4 Item 2 and (4.20).

De�ne � 0
x to be the centroid y ∈ Y with the minimum ‖y − � x‖1 that lies on the same side of the hyperplane

(j � ; � ) with x. This ensures that pointsx ∈ R∩X + ∩X 1 with the same � x have the same� 0
x, which holds similarly

for points x ∈ R ∩ X + ∩ X 2. Since every centroid inY (x) is a candidate for � 0
x, we have‖� x − � 0

x‖1 ≤ qx. We
de�ne c0

x = cx. The de�nition for t0
x; ‘ 0

x; p0
x depends on whetherx ∈ R0 ∪ R1 or x ∈ R2 as follows.

If x ∈ (R0 ∪ R1) ∩ X + , de�ne t0
x to be equal to tx, except that we changet0

x(j � ) to either 1 or 2 from the
original value tx(j � ) = 0 (Lemma 4.4 Item 3). Speci�cally, de�ne t0

x(j � ) = 1 if x ∈ X 2, and t0
x(j � ) = 2 if x ∈ X 1.

De�ne

(4.22) ‘ 0
x = 2 12L (‘ x=L)1/(d�k txk0) :
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De�ne p0
x so that p0

x(‘ 0
x)2 = px‘ xL , or equivalently,

(4.23) p0
x = px(‘ x=L)1� 2/(d�k txk0) =224:

If x ∈ R2 ∩ X + , de�ne t0
x = ⊥ and ‘ 0

x = 2L . Again, de�ne p0
x so that p0

x(‘ 0
x)2 = px‘ xL , or equivalently,

(4.24) p0
x = px(‘ x=L)=4:

This completes our de�nition of � 0
x; ‘ 0

x; t0
x; c0

x; s0
x and p0

x. The algorithm single cut outputs the two new
subproblems P1 and P2 formed according to (4.19) together with the hyperplane (j � ; � ). Before we prove
Lemma 4.1 and Lemma 4.2, we need some inequalities aboutM (P1); M (P2); M �

1 ; M �
2 , and M � .

Lemma 4.7. We have the following inequalities:

M (P1) ≥ M �
1 ; and M (P2) ≥ M �

2 ;(4.25)
min{M �

1 ; M �
2 } ≤ M � ; and max{M �

1 ; M �
2 } ≤ M (P) −M � :(4.26)

Moreover,

(4.27) M (P1) + M (P2) −M �
1 −M �

2 ≤ M � =2 log(2k):

Proof. Inequalities (4.26) follow from a similar argument to the proof of (3.14) in Lemma 3.8. Inequalities (4.25)
are proved as follows based on our update rules:

M (P1) −M �
1 =

∑
x2 (R0[ R1) \ X+\ X1

p0
x(‘ 0

x)2(16 log(2k) log log2(2k)
)2�k t′xk0 ≥ 0;

M (P2) −M �
1 =

∑
x2 (R0[ R1) \ X+\ X2

p0
x(‘ 0

x)2(16 log(2k) log log2(2k)
)2�k t′xk0 ≥ 0:

Summing up the above inequalities, we get (4.27):

M (P1) + M (P2) −M �
1 −M �

2

=
∑

x2 (R0[ R1) \ X+

p0
x(‘ 0

x)2(16 log(2k) log log2(2k)
)2�k t′xk0

=
∑

x2 (R0[ R1) \ X+

px‘ xL
(
16 log(2k) log log2(2k)

)2�k t′xk0

=
∑

x2 (R0[ R1) \ X+

px‘ xL
(
16 log(2k) log log2(2k)

)2� (ktxk0+1)

≤
(
16(log(2k))2 log log2(2k)

)� 1 ∑
x2R\ X+

px‘ xL
(
16 log(2k) log log2(2k)

)2�k txk0

≤ M � =2 log(2k):

The last inequality uses Lemma 4.6,M (P)=m ≤ 2k by De�nition 3.4 Item 2, and M � ≥ min{M �
1 ; M �

2 } ≥ m by
(4.26).

We conclude Section 4.2 by proving Lemma 4.1 and Lemma 4.2. We �rst prove Lemma 4.1.

Proof. Let P = ( X; Y; (� x)x2X ; (‘ x)x2X ; (tx)x2X ; (cx)x2X ; (sx)x2X ; (px)x2X ) denote the valid subproblem after
the preprocessing step.

We �rst check every item in De�nition 3.4. Item 3 follows from a similar argument to the proof of Lemma 3.1.
The only di�erence is that we need to consider pointsx ∈ R2 ∩X + separately. For these points, we havet0

x = ⊥.
By our preprocessing step, we have‘ x ≤ L=64, and thus for all y ∈ Y ,

‘ 0
x = 2L ≥ L + ‘ x ≥ ‖� x − y‖1 + ‖x − � x‖1 ≥ ‖x − y‖1 :
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Item 1 also follows from a similar argument to the proof of Lemma 3.1, noting that for x ∈ (R0 ∪ R1) ∩ X + ,
update rule (4.22) implies

‘ 0
x ≥ ‘ x + 2 11L (‘ x=L)1/(d�k txk0) ≥ ‘ x + qx ≥ ‘ x + ‖� x − � 0

x‖1 ≥ ‖x − � 0
x‖1 :

De�ning M = M (P), Item 2 holds because of Lemma 4.7:

max{M (P1); M (P2)} ≤ max{M �
1 ; M �

2 } + M � =2 log(2k) ≤ M −M � + M � =2 log(2k) ≤ M ≤ 2km:

De�nition 3.4 Item 4 follows from the same argument as the proof of Lemma 3.1.
We now check every item in De�nition 4.3. Item 1 is clear from our update rules. Item 2, Item 3 and Item 4

follow from the fact that ‖t0
x‖0 = 0 if and only if x ∈ R0\X + .

We prove De�nition 4.3 Item 5 for P1, and omit the similar proof for P2. For color c ≥ 0 and type t 6= ⊥,
de�ne R0

c,t = {x ∈ X 1 : c0
x = c; t0x = t}.

If t(j � ) 6= 2, we know R0
c,t ∩X + = ∅, so R0

c,t ⊆ Rc,t\X + . Therefore, for x ∈ R0
c,t, we haves0

x = sx = sc,t; ‘ 0
x =

‘ x = sc,t; � 0
x = � x. De�nition 4.3 Item 5 is trivial in this case.

If t(j � ) = 2, by Lemma 4.3, we know R0
c,t ⊆ (R0 ∪ R1) ∩ X + , and R0

c,t ⊆ Rc,t̃, where t̃ is equal to t except
that t̃(j � ) = 0. By the update rules (4.21) and (4.22), all points x ∈ R0

c,t have

‘ 0
x = 2 12L (‘ c,t̃=L)1/(d�k t̃k0) ;(4.28)

s0
x = 48 · 2k t̃k0

(
d
‖t̃‖0

)
sc,t̃‘ c,t̃(log2 k)=L:(4.29)

Denote the right-hand-sides of (4.28) and (4.29) as‘ 0
c,t and s0

c,t, respectively. We have

|{� 0
x : x ∈ R0

c,t}| ≤ |{� 0
x : x ∈ Rc,t̃ ∩ X + ∩ X 1}| ≤ |{� x : x ∈ Rc,t̃ ∩ X + ∩ X 1}| ≤ s0

c,t;

where the second inequality is because points inR ∩ X + ∩ X 1 with the same � x have the same� 0
x, and the last

inequality is by (4.20) and (4.29).

Now we prove Lemma 4.2.

Proof. Since the preprocessing step preserves the validity ofP and does not increaseA(P), we assume w.l.o.g. that
P = ( X; Y; (� x)x2X ; (‘ x)x2X ; (tx)x2X ; (cx)x2X ; (sx)x2X ; (px)x2X ) is the subproblem after the preprocessing step.
Assume w.l.o.g.M �

1 ≤ M �
2 . De�ne M = M (P); M 1 = M � + M (P1) −M �

1 , and M 2 = ( M −M � ) + M (P2) −M �
2 .

By Lemma 4.7,

M � ≤ M 1 ≤ M � + M � =2 log(2k) ≤ 3M � =2≤ 3M=4;(4.30)
M � ≤ M −M � ≤ M 2;(4.31)
m ≤ M (P1) ≤ M 1; and(4.32)
m ≤ M (P2) ≤ M 2:(4.33)

Lemma 4.7, (4.30) and (4.31) give us

(4.34) M 1 + M 2 ≤ M + M � =2 log(2k) ≤ M + min {M 1; M 2}=2 log(2k):

De�ne R0 = {x ∈ X : t0
x 6= ⊥}. We have∑

x2XnR′
p0
x(‘ 0

x)2 −
∑

x2XnR

px‘ 2
x =

∑
x2R2\ X+

p0
x(‘ 0

x)2

=
∑

x2R2\ X+

px‘ xL

≤
∑

x2R\ X+

px‘ xL
(
16 log(2k) log log2(2k)

)2�k txk0

≤ 8M � log(M=M � ) log log2(M=m)(by Lemma 4.6)
≤ 16M 1 log(M=M 1) log log2(M=m)(by (4.30) and Claim A.2)
≤ 16M 1 log(M=M 1) log log2(2k):(by De�nition 3.4 Item 2)
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Therefore,

f (M (P1)) + f (M (P2)) +
∑

x2XnR′
p0
x(‘ 0

x)2 −
∑

x2XnR

px‘ 2
x

≤ f (M 1) + f (M 2) + 16M 1 log(M=M 1) log log2(2k)(by (4.32), (4.33))

≤ 16(M 1(M 1=m)1/ log(2 k) + M 2(M 2=m)1/ log(2 k) )(1 + log( M=m)) log log2(2k)

≤ 16M (M=m)1/ log(2 k) (1 + log( M=m)) log log2(2k)(by (4.34) and Claim A.1)
= f (M ):

Rearranging the inequality above,

A(P1) + A(P2) = f (M (P1)) + f (M (P2)) +
∑

x2XnR′
p0
x(‘ 0

x)2 ≤ f (M ) +
∑

x2XnR

px(‘ x)2 = A(P):

4.3 Building a decision tree The algorithm post-process we use to prove Theorem 4.1 is similar to
post-process 2d in Section 3.3. We �rst construct an algorithm decision tree similar to decision tree 2d,
except that it takes a subproblemP in d ≥ 2 dimensions and invokes the algorithmsingle cut we developed in
Section 4.2 instead ofsingle cut 2d. The algorithm post-process callsdecision tree on an initial subproblem
P̃ with centroid mass m, which we de�ne as follows.

Given a k-clustering C of points x1; : : : ; xn consisting of centroids y1; : : : ; yk, and an assignment mapping
� : [n] → [k], the algorithm post-process computes the initial subproblem P̃ by setting X = {x1; : : : ; xn}; Y =
{y1; : : : ; yk}; � xi

= yξ(i) ; tx(j ) = 0 ;∀j ∈ [d]; sx = k; cx = −1, and

‘ x =
{

2dlog2 kx� σxk∞e; if ‖x − � x‖1 > 0;
0; if ‖x − � x‖1 = 0;

px = 2 54k1� 2/dd3(48 log2 k)3:(4.35)

Set m = 1
k

∑
x2X px‘ 2

x

(
16(log(2k))2 log log2(2k)

)2 so that M (P̃)=m = 2k. It is clear that P̃ is valid and

(4.36) A(P̃) = O(k1� 2/d(log k)8(log log2(2k))3d3) · cost(C):

After obtaining the output (( � x)x2X ; T ) from decision tree, post-process returns the decision treeT and a
clustering C0 with centroids y1; : : : ; yk and assignment mapping� 0 : [n]→ [k] such that yξ′(i) = � xi

.
Before we prove Theorem 4.1, we need the following lemma showing that the potential of a point never drops

below 1:

Lemma 4.8. In the process of running algorithmpost-process, whenever the algorithmdecision tree is called,
the input subproblemP = ( X; Y; (� x)x2X ; (‘ x)x2X ; (tx)x2X ; (cx)x2X ; (sx)x2X ; (px)x2X ) to decision tree is valid
and satis�es ∀x ∈ X; px ≥ 1.

Proof. The validity of P follows from an induction using the validity of P̃ and Lemma 4.1. Below we prove
∀x ∈ X; px ≥ 1.

Fix a point xv for v ∈ [n]. For i ∈ {0; 1; 2} consider the moments whendecision tree is called with a
subproblemP = ( X; Y; (� x)x2X ; (‘ x)x2X ; (tx)x2X ; (cx)x2X ; (sx)x2X ; (px)x2X ) that satisfy xv ∈ X and ‖txv

‖0 = i .
These moments may not exist, or there may be multiple such moments. However, as long as there is at least one
such moment, the tuple (sxv

; pxv
; ‘ xv

; txv
) must be identical for all such moments, because algorithmsingle cut

always keeps (s0
x; p0

x; ‘ 0
x; t0

x) equal to (sx; px; ‘ x; tx) except when t0
x = ⊥ 6= tx or ‖t0

x‖0 = ‖tx‖0 + 1. We use
(s(i ); p(i ); ‘ (i )) to denote the identical tuple ( sxv ; pxv ; ‘ xv ) over all such moments. The diameterL of P may not
be identical over all such moments, so we useL (i ) to denote the value of L for the last such moment. We de�ne
u(i ) = L (i )=‘ (i ). Similarly, we use (s(⊥); p(⊥)) to denote the identical value of (sxv

; pxv
) whenever txv

= ⊥.
Our goal is to show each ofp(0); p(1); p(2); p(⊥), whenever exists, is at least 1.
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For i ∈ {0; 1; 2}, wheneverp(i ) exists, by (4.23) we have

(4.37) p(i ) = p(0)=
i� 1∏
i′=0

(
224u(i 0)1� 2/(d� i′)) ≥ p(0)2� 24i=

(
i� 1∏
i′=0

u(i 0)

)1� 2/d

:

By (4.21) we have

1≤ s(i ) ≤ k
i� 1∏
i′=0

(
48 · 2i

′
(

d
i 0

)
(log2 k)=u(i 0)

)
:

Therefore,
i� 1∏
i′=0

u(i 0) ≤ k
i� 1∏
i′=0

(
48 · 2i

′
(

d
i 0

)
log2 k

)
:

Combining this with (4.35) and (4.37),

p(0) = 2 54k1� 2/dd3(48 log2 k)3 ≥ 652 > 1;(4.38)

p(1) ≥ 230d3(48 log2 k)2 ≥ 652 > 1;

p(2) ≥ 25d2(48 log2 k) ≥ 652 > 1:

Finally, we show p(⊥) ≥ 1 wheneverp(⊥) exists. If the transition of txv
to ⊥ happens at preprocessing, it is clear

that p(⊥) ≥ min{p(0); p(1); p(2)}=652 ≥ 1. Otherwise, by (4.23) and (4.24) we have

(4.39) p(⊥) = p(0)=

(
4u(2)

1∏
i=0

(224u(i )1� 2/(d� i) )

)
= p(0)2� 50=(u(0)1� 2/du(1)1� 2/(d� 1) u(2)) :

By (4.21), we have

1≤ s(⊥) ≤ k
2∏
i=0

(
48 · 2i

(
d
i

)
(log2 k)=u(i )

)
:

Therefore,

(4.40) u(0)u(1)u(2) ≤ 4kd3(48 log2 k)3:

From the update rule (4.22), we know

u(2) =
L (2)
‘ (2)

≤ L (1)
‘ (2)

= u(1)1/(d� 1) 2� 12 ≤ u(1)1/(d� 1) ;

which implies
u(2)2/d ≤ u(1)2/(d(d� 1)) = u(1)2/(d� 1) � 2/d:

Therefore,

(4.41) u(0)1� 2/du(1)1� 2/(d� 1) u(2) ≤ u(0)1� 2/du(1)1� 2/du(2)1� 2/d ≤ 4k1� 2/dd3(48 log2 k)3;

where the last inequality is by (4.40). Plugging (4.38) and (4.41) into (4.39), we getp(⊥) ≥ 1, as desired.

Lemma 4.9. In the process of running algorithm post-process, wheneverdecision tree is called with input
being subproblemP = ( X; Y; (� x)x2X ; (‘ x)x2X ; (tx)x2X ; (cx)x2X ; (sx)x2X ; (px)x2X ), the output (( � x)x2X ; T ) of
decision tree satis�es the following properties. The decision treeT has at most |Y | leaves. For every leafv of
the decision tree T and every pair of points x; x 0 ∈ X in the region de�ned by v, we have� x = � 0

x. Moreover,∑
x2X ‖x − � x‖2

1 ≤ A(P).

Proof. The proof is essentially the same as the proof of Lemma 3.9. The only di�erence is that whenL = 0, to
prove

∑
x2X ‖x − � x‖2

1 ≤ A(P), we needpx ≥ 1 from Lemma 4.8.
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Now we �nish the proof of Theorem 4.1.

Proof. The proof is essentially the same as the proof of Theorem 3.1 except that we use Lemma 4.6 instead of
Lemma 3.7, and Lemma 4.9 instead of Lemma 3.9. In particular, the cost of the explainable clusteringC0 is
bounded as follows:

cost(C0) =
n∑
i=1

‖xi − yξ′(i)‖2
2 ≤ d

n∑
i=1

‖xi − yξ′(i)‖2
1 = d

n∑
i=1

‖xi − � xi‖2
1 ≤ dA(P̃)

≤ O(k1� 2/d(log k)8(log log2(2k))3d4)cost(C):(by (4.36))

5 Lower Bound
We prove a lower bound ofk1� 2/d=polylog(k) on the competitive ratio for d-dimensional explainablek-means for
all k; d ≥ 2 (Theorem 5.1). Our proof is based on a construction by [37] summarized in Lemma 5.1 below. For
brevity, we do not repeat its proof here. The construction allows us to show a competitive ratio lower bound
depending on two other parametersp and b in Lemma 5.2. We then prove Theorem 5.1 by specifying the values
of p and b.

Lemma 5.1. ([37]) Let b; p be positive integers satisfyingb≥ 3. There exists bp points in p dimensions with the
following properties:

1. For every j ∈ [p], the j -th coordinate of the bp points form a permutation of {0; : : : ; bp − 1}.

2. The ‘ 2 distance between any two of the points is at leastbp� 1=2.

Lemma 5.2. Given positive integers k; d; p; b satisfying p ≤ d; b ≥ 3; bp ≤ k, there exists a set of points ind
dimensions for which anyk-explainable clustering has competitive ratio
( bp� 2=p) for the k-means cost.

Proof. When p = 1, it is trivial to show a competitive ratio lower bound of 1 = 
( bp� 2=p), so we assumep≥ 2.
Let Z denote the set ofbp points Rp from Lemma 5.1. Every point z ∈ Z creates a point u(z) ∈ Rd, where

the �rst p coordinates ofu(z) are equal to the p coordinates ofz, and the remaining d− p coordinates ofu(z) are
zeros. Let Y1 = {u(z) : z ∈ Z} be the resulting set ofbp points in Rd. We construct a set Y2 ⊆ Rd consisting of
k − bp points that are su�ciently far away from each other and from the points in Y1.

For every y ∈ Y1, we create a setX y consisting of 2p points in Rd as follows: for everyj ∈ [p], X y contains
2 points y+

j ; y�
j ∈ Rd by adding 2=3 and−2=3 to the j -th coordinate of y. For every y ∈ Y2, we de�ne X y to be

the set containing only y itself.
Given the 2pbp + ( k − bp) points in

⋃
y2 Y1[ Y2

X y, there exists a k-clustering C with cost(C) = O(pbp) by
choosingY1 ∪Y2 to be the centroids and assigningx ∈ X y to centroid y for every y ∈ Y1 ∪Y2. On the other hand,
by Lemma 5.1 Item 1, for any k-explainable clusteringC0, there exist two points x ∈ X y; x0∈ X y′ assigned to the
same centroid inC0 with distinct y; y0 ∈ Y1 ∪ Y2 (otherwise, since|Y1 ∪ Y2| = k, for every y ∈ Y1 there exists a
centroid in C0 to which all points in X y are assigned, and by Lemma 5.1 Item 1 and the explainability ofC0, all
the points in

⋃
y2 Y1

X y must be assigned to the same centroid inC0, a contradiction). By Lemma 5.1 Item 2,

‖x − x0‖2 ≥ ‖y − y0‖2 − 4=3≥ bp� 1=2− 4=3≥ 
( bp� 1):

Therefore, cost(C0) ≥ ‖x − x0‖2
2=2≥ 
( b2p� 2). The competitive ratio is thus lower bounded by 
( bp� 2=p).

Theorem 5.1. For every k; d ≥ 2, there exists a set of points ind dimensions for which any k-explainable
clustering has competitive ratio 
( k1� 2/d(log k) � 5/3 log log(2k)) for the k-means cost.

Proof. We can assumek ≥ 3 w.l.o.g. because it is trivial to show a competitive ratio lower bound of 1.
We specify the integersb and p in Lemma 5.2 to get concrete lower bounds for the competitive ratio.
When k1/d ≥ 3d, we choosep = d and b = bk1/pc. It is clear that b≥ 3p, so

bp = ( b+ 1) p=(1 + 1=b)p ≥ k=exp(p=b) ≥ 
( k):
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This implies that bp� 2 = bp=b2 ≥ 
( k1� 2/d). Lemma 5.2 gives us a competitive ratio lower bound of


( bp� 2=p) ≥ 
( k1� 2/d=d) ≥ 
( k1� 2/d(log k) � 1 log logk);

where the last inequality is by Claim A.4.
When (log k)2/3= log logk ≤ k1/d < 3d, we choosep to be the maximum integer such that k1/p ≥ 3p,

and chooseb = bk1/pc. Again we have b ≥ 3p, so bp ≥ 
( k). We also have b ≤ k1/p ≤ (k1/(p+1) )1+1 /p ≤
(p + 1) 1+1 /p ≤ O(p) = O(log k= log logk), where the last inequality is by Claim A.4. This implies bp� 2=p =
bp=(b2p) ≥ 
( k(log k) � 3(log logk)3). The competitive ratio lower bound from Lemma 5.2 is


( bp� 2=p) ≥ 
( k(log k) � 3(log logk)3) ≥ 
( k1� 2/d(log k) � 5/3 log logk):

When 3 ≤ k1/d < (log k)2/3= log logk, we chooseb = dk1/de and p = blogb kc. We have b≤ 2k1/d and thus
bp� 2 = bp+1 =b3 ≥ k=b3 ≥ k1� 3/d=8. The competitive ratio lower bound from Lemma 5.2 is


( bp� 2=p) ≥ 
( k1� 3/d=p) ≥ 
( k1� 3/d=d) ≥ 
( k1� 3/d= logk) ≥ 
( k1� 2/d(log k) � 5/3 log logk):

When k1/d < 3, we chooseb = 3 and p = blog3 kc. We have bp� 2 = bp+1 =b3 ≥ k=27. The competitive ratio
lower bound from Lemma 5.2 is


( bp� 2=p) ≥ 
( k=p) ≥ 
( k= logk) ≥ 
( k1� 2/d(log k) � 1):

A Helper lemmas and claims
Claim A.1. De�ne � (z) = z1+2 u for u ∈ (0; 1=2). Suppose non-negative real numbersz1; z2; z; � satisfy
z1 + z2 ≤ z + u� , and � ≤ min{z1; z2}. Then � (z1) + � (z2) ≤ � (z).

Proof. Assume w.l.o.g. z1 ≤ z2. By the monotonicity and convexity of � , we have

� (z1) + � (z2) ≤ � (z1) + � (z + u� − z1) ≤ � (�) + � (z + u� − �) :

We only need to prove that

(A.1) � 1+2 u + ( z− (1− u)�) 1+2 u ≤ z1+2 u:

Note that 0 ≤ � ≤ z=(2 − u) because 2� ≤ z1 + z2 ≤ z + u�. Since the left-hand-side is convex in �, we just
need to check (A.1) when � = 0 and � = z=(2 − u). It reduces to checking 1 + 2u ≥ log 2

log(2 � u) . This holds by a
standard calculation using our assumptionu ∈ (0; 1=2).

Claim A.2. If 0≤ u ≤ v ≤ 3M=4, then u log(M=u) ≤ 2v log(M=v).

Proof. The function � (z) = z log(M=z) is non-decreasing whenz ≤ M=e, and non-increasing whenz ≥ M=e. We
just need to check the claim foru = M=e and v = 3M=4, which follows from a standard calculation.

Claim A.3. Let I 1; : : : ; I n ⊆ R be intervals. There existsS ⊆ [n] such that I u ∩ I v = ∅ for all distinct u; v ∈ S
and

|
⋃
u2 [n]

I u| ≤ 3|
⋃
v2 S

I v|:

This claim is a special form of the Vitali covering lemma. For completeness, we give a proof of it as follows.

Proof. Assume w.l.o.g. that |I 1| ≥ · · · ≥ |I n|. For u = 1 ; : : : ; n, construct Su ⊆ [u] inductively as follows. We
set S1 = {1}, and for every u > 1, we setSu = Su� 1 if there exists v ∈ Su� 1 such that I u ∩ I v 6= ∅, and set
Su = Su� 1 ∪ {u} otherwise. De�ne S = Sn. It is clear that I u ∩ I v = ∅ for all distinct u; v ∈ S.

For every u ∈ [n]\S, there exists � (u) ∈ S such that � (u) < u and I α(u) ∩ I u 6= ∅. We de�ne � (u) = u when
u ∈ S. For every v ∈ S and u ∈ � � 1(v)\{v}, we haveI v∩I u 6= ∅ and |I u| ≤ |I v|. Therefore, |

⋃
u2α−1(v) I u| ≤ 3|I v|.

We have
|
⋃
u2 [n]

I u| = |
⋃
v2 S

⋃
u2α−1(v)

I u| ≤
∑
v2 S

|
⋃

u2α−1(v)

I u| ≤
∑
v2 S

3|I v| = 3 |
⋃
v2 S

I v|:
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Lemma A.1. ([53]) Let m; M be positive real numbers withM ≥ 2m. SupposeU : (0; L ) → [m; M=2] is a non-
decreasing function, and there is a �nite set I ⊆ (0; L ) such that U is di�erentiable over (0; L )\I . Then, there
exists z ∈ (0; L )\I such that U0(z) ≤ (1=L)U(z) log M

U (z) log log2
M
m .

Proof. Consider the function � (z) := − log log2
M
U (z) . It is clear that � (z) is non-decreasing and di�erentiable over

(0; L )\I . The function has derivative

� 0(z) =
U0(z)

U(Z ) log(M=U (z))
:

Suppose there does not exist suchz ∈ (0; L )\I that makes the desired inequality hold. This implies that the
derivative of � (z) exceeds (1=L) log log2

M
m whenever z ∈ (0; L )\I . This contradicts with the fact that � (z) is

bounded between− log log2(M=m) and 0.

Lemma A.2. ([53]) Let m; M be positive real numbers withM ≥ 2m. SupposeV : (0; L ) → [m; M − m] is a
non-decreasing function, and there is a �nite set I ⊆ (0; L ) such that V is di�erentiable over (0; L )\I . Then,
there existsz ∈ (0; L )\I such that V 0(z) ≤ (2=L)M 0log M

M ′ log log2
M
m , where M 0 = min {V (z); M − V (z)}.

Proof. When V (L=2) ≤ M=2, the lemma follows from Lemma A.1 by setting U(z) = V (z=2). When
V (L=2) ≥ M=2, the lemma follows from Lemma A.1 by settingU(z) = M − V (L − z=2).

Claim A.4. For real numbers k ≥ 3 and p > 0, if k1/p ≥ p, then p≤ 2 logk= log logk.

Proof. Assume for the sake of contradiction thatp > 2 logk= log logk, then k1/p < (log k)1/2. Therefore,

p=k1/p > 2(logk)1/2= log logk = (log k)1/2= log((log k)1/2) ≥ 1;

a contradiction.
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